Abstract Faster response to orientation varying is one of the outstanding abilities of a parallel kinematic machine (PKM). It enables such a system to act as a reconfigurable module employed to machine large components efficiently. The stiffness formulation and analysis are the beforehand key tasks for its parameters design. A novel PKM with four degrees of freedom (DOFs) is proposed in this paper. The topology behind it is 2PUS-2PRS parallel mechanism. Its semianalytical stiffness model is firstly obtained, where the generalized Jacobian matrix of 2PUS-2PRS is formulated with the help of the screw theory and the stiffness coefficients of complicated components are estimated by integrating finite element analysis and numerical fitting. Under the help of the model, it is predicted that the property of system stiffness distributes within the given workspace, which features symmetry about a certain plane and is also verified by performing finite element analysis of the virtual prototype. Furthermore, key parameters affecting the system stiffness are identified through sensitivity analysis. These provide insights for further optimization design of this PKM. 
Introduction
In the field of aerospace manufacturing, in order to ensure sufficient strength, many large thin-walled alloy structural parts need to be manufactured through high-speed milling to remove excess material, and the removal ratio is often very high, sometimes up to 80% or more. Accordingly, a higher efficiency is required for manufacturing equipment. Nowadays, most successful equipment in the developed countries is a type of flexible manufacturing unit based on reconfigurable PKM modules, such as Tricept 1 and Sprint Z3. 2 Their outstanding advantages are faster transformation of position and orientation, and at the same time, high stiffness, low inertia, and reconfigurability. For this sense, domestic scholars have also developed studies on similar modules, such as TJU-A3 head. 3 In order to obtain higher rigidity, some redundant PKMs are also studied. 4, 5 This paper proposes another PKM module with 4 DOFs named 2PUS-2PRS, which can play a similar role in a high-speed milling unit of large structural parts.
Stiffness is one of the most important performances of a PKM and also affects accuracy, carrying capacity, and smooth movement. Therefore, higher stiffness is often taken as the objective to design its parameters, and thus can allow the machine have higher machining and feeding speeds while providing desired loading precision, surface finish, and tool life. [6] [7] [8] In recent years, domestic and overseas scholars have already made lots of efforts for stiffness evaluation and design of PKMs. Most of them are focused on the stiffness modeling method because of its complexity and challenge. In the first place, the research can be broadly divided into two types, i.e., the analytic method [9] [10] [11] [12] [13] [14] and the finite element method. [15] [16] [17] [18] The former is proposed based on the principle of virtual work firstly by Gosselin, 9 where the stiffness model is expressed in a linear function of Jacobian matrix and components matrix. Following this idea, a lot of research has been performed for different parallel mechanisms. However, for a PKM with less than 6 DOFs, the Jacobin matrix is not complete and only concerns the actuation part in the first place, and as a result, the stiffness models only consider the active joint flexibility and ignore the limb deformation along the constraint direction. The problem had not been completely solved until Joshi and Tsai 19 proposed a simple yet effective approach to calculate overall Jacobin matrix based on the reciprocal screw theory. In addition, another typical approach based on virtual joint or spring [20] [21] [22] is also proposed for a complete stiffness model. Benefited from the analytic expression, the analytic method can quickly predict the stiffness distribution in the whole workspace, but is not suitable for a PKM including complicated components, because an accurate analytic expression is not available. At the same time, some experts make a lot of efforts for more precise stiffness models based on the finite element method. However, due to indispensable re-meshing over and over again at different configurations, it is very time-consuming.
With the development of stiffness modeling methods, the semi-analytic method attracts more and more interests from researchers. [23] [24] [25] In this idea, numerical analysis is applied to solve stiffness of a component with a complicated shape, and the stiffness of a simple component is still computed by the use of analytic expression. This method can not only achieve a certain computational accuracy, but also permit a fast calculation. However, a specific approach of numerical analysis should be found for different mechanisms, which is critical to obtain accurate stiffness estimation. Following this idea, an approach for stiffness formulation and analysis is developed for this novel 4-DOF PKM.
Contents in this paper are organized as follows. Firstly, a brief description of the 2PUS-2PRS PKM is given and its inverse position analysis is formulated. Secondly, a stiffness model is formulated by using the overall Jacobin matrix and can take into account all components deformation associated with actuation and constraints, where the joint is permitted to contain several parts. Due to the complex geometry of the components, a semi-analytic approach is proposed for evaluating the components stiffness. Thirdly, in order to verify the correctness and effectiveness of the method, finite element analysis of the system at certain configuration is performed. Additionally, stiffness performance of the PKM is evaluated within the defined workspace. Finally, the relationships between the systematic stiffness and main parameters are investigated, from which key parameters are identified.
System description
The conceptual design of a high-speed milling unit of large structural parts based on a PKM module with 4 DOFs is demonstrated in Fig. 1 .
As shown in Fig. 2 , the solid model shows the topological characteristic of the 2PUS-2PRS PKM and the corresponding schematic diagram is illustrated in Fig. 3 .
The PKM consists of a mobile platform, a fixed base, and four limbs with two types of topological structures. Limb 1 and limb 3 are unconstrained limbs and have six DOFs. They have identical kinematical structure, which connects the fixed base to the mobile platform by a prismatic joint (P) and a universal joint (U), followed by a spherical joint (S) in sequence. Limb 2 and limb 4 are constrained limbs and have the same kinematic structure, which connects the fixed base to the mobile platform by a prismatic joint (P) and a revolute joint (R), followed by a spherical joint (S) in sequence. Each of them has five DOFs and applies a constraint force on the moving platform. Therefore, the moving platform has four DOFs, i.e., two translational DOFs along z-axis and y-axis and two rotational DOFs about x-axis and y-axis. In order to guarantee the mobile platform to realize desirable movement, the following conditions must be satisfied: (i) the R joint axes are parallel, and (ii) all of the first axes of the U joints are parallel and perpendicular to the R joint axis, and all the other axes of the U joints are orthogonal to the first axes. Without loss of generality, let all the P joint axes being vertical to the fixed base, where the P joints are driven by linear actuators assembled on the fixed base.
Compared with Sprint Z3, the advantage of this PKM is without parasitic motion. Moreover, this PKM has four DOFs and can be applied to manufacturing with one extra translation DOF, which is helpful to obtain more compact structures.
Kinematic analysis

Coordinate systems
In order to formulate the stiffness model of the 4-DOF PKM, the coordinate systems are built up and inverse position analysis is given first in this section.
For the sake of convenience, as shown in Fig. 3 , A i (i = 1, 2, 3, 4) denotes the intersection point between the linear guide and the fixed base, while B i and C i are the centers of the spherical and universal joints, respectively. All points of A i and B i are located in a square shape.
The fixed frame Oxyz is set at the center O of the fixed base, and the moving frame Puvw is established on the mobile platform at the center P, with z and w axes being perpendicular to the platform. x-axis is coincident with the vector A 1 A 3 , and uaxis is along the vector B 1 B 3 . y and v axes follow the righthand rule. The orientation matrix of the moving frame Puvw with respect to the fixed frame Oxyz can be formulated using three Euler angles 26, 27 as follows where w, h and / are three Euler angles.
Inverse position analysis
As shown in Fig. 3 , based on the closed-loop vector equation, the position vector of the point P, here r p = [p x p y p z ] T , can be expressed as the following
where l i and w i are the length and the unit vector of the ith limb C i B i ; d i and e i represent the distance of A i C i and the unit vector, respectively;
T are the position vectors of A i and B i measured in Oxyz and Puvw, respectively, in which a and b are the radii of the fixed base and the mobile platform, and b i = p(i + 1)/2 are the position angles of x and u axes.
Note that the constraints imposed by the two parallel R joints keep B i in limb 2 and limb 4 not move in the x direction, which leads to
where r b2x and r b4x is the x-aixs component of the vector r b2 and r b4 , respectively. Inserting Eqs. (1) and (3) into Eq. (2) gives
Then it is obviously concluded only four among six parameters are independent. Without losing generality, taking h, w, p y , and p z as the four generalized coordinates, the inverse position problem can be solved by
Therefore, once given the four independent parameters of the moving platform, the lengths of the four prismatic joints can be solved from these equations.
Jacobian matrix generation
Based on the reciprocal screw theory 27 , the overall Jacobin matrix of this mechanism can be derived. Each of the screws is in the direction along the axes of the joints, where the U joint and the S joint are equivalently replaced by two and three orthogonal unit screws, respectively. In addition, an instantaneous reference frame Px 0 y 0 z 0 is defined, axes of which are always parallel to those of the fixed frame, and all the joint screws are expressed in this instantaneous reference frame. With v O and x respectively denoting the angular and linear velocities of the mobile platform about the reference point, the twist of the mobile platform can be written as
For the unconstrained PUS limbs, the six unit joint screws of the limb can be written aŝ Stiffness modeling and analysis of a novel 4-DOF PKM for manufacturing large components
where _ h ji (j = 2,3,4,5,6) is the magnitude of the corresponding joint screw.
For the constrained chain PRS limbs, the five unit joint screws of the limb can be written aŝ
Hence the instantaneous twist $ of the mobile platform can also be expressed as
According to the reciprocal screw theory 27 , each PRS limb has a reciprocal screw passing through the center of the S joint and parallel to the R joint as well as orthogonal to all the joint screws of the ith limb, which is expressed aŝ
Taking the reciprocal product of both sides of Eq. (7) with Eq. (8) leads to two equations, which can be written into a matrix form as
where J c is named the constraint Jacobian and expressed as
If locking all the actuators, each limb will increase one reciprocal screw$ ai , which is reciprocal to all the passive joint screws of the ith limb and expressed aŝ
Similarly, taking the reciprocal products of both sides of Eqs. (6) and (7) with Eq. (10), respectively, leads to four equations, which can be assembled in a matrix form
where
T denotes the vector of the actuated joint rate and J a is defined as the actuation Jacobian as follows (11) and Eq.(9) leads to a matrix form as follows
is the extended vector of the joint rate and J is named the generalized Jacobian matrix.
Stiffness model derivation
Analytical stiffness matrix
Based on the principle of virtual work, a stiffness model is established in this section. Firstly, some assumptions should be given that are (i) the rigidities of the fixed base and the mobile platform are infinite; (ii) the friction of the joints and the effects of the gravity are ignored.
According to the principle of virtual work, the components stiffness matrix K and the system overall stiffness matrix K are related by 24, 27 
where K is known as the overall stiffness matrix about the point P, which is also a 6 · 6 symmetric positive semi-definite matrix, K is the components stiffness matrix of all limbs so that
where K c =diag(k c2 , k c4 ) and K a =diag(k a1 , k a2 , k a3 , k a4 ); k ai is the axial stiffness coefficient at B i along the e i direction of the ith limb and k ci is the bending stiffness coefficient at B i along the axis of the R joint of the constraint limb. To formulate K, as shown in Figs. 4 and 5, each of the limbs is divided into four sections: (1) the spherical joint assembly; (2) the stabilizer bar; (3) the universal joint assembly in the unconstraint limbs and the revolute joint in the constraint limbs; (4) the lead-screw assembly. From the structures shown in Figs. 4 and 5, each limb can be considered as a spring system in series and then the actuated stiffness k ai and the constrained stiffness k ci can be derived by the relationship
where k aij represents the equivalent actuated stiffness coefficients of the jth sections of all the limbs; k cij is the equivalent constrained stiffness coefficients of the jth sections of the constraint limbs.
Stiffness matrix of components 4.2.1. Spherical joint and universal joint assembly
As well known, the spherical joint is designed as a combination of three revolute joints with their axes being orthogonal to each other. Thus, the S joint can be decomposed into three parts, and part 1 connects to the stabilizer bar via the first revolute joint, while part 3 is rigidly fixed to the mobile platform.
Since the three parts of the spherical joint are connected in series, the equivalent stiffness coefficient of the spherical joint can be solved by assuming them as a serial spring system. 24 The same method can also be used to solve the equivalent stiffness coefficient of the U joint.
Stabilizer bar and R joint assembly
In order to enhance the bending stiffness of the constraint limbs, the trapezoidal shape of the stabilizer bars are adopted. While the unconstraint limbs just bear axial load, hence their stabilizer bars are designed as circular sections for smartness and light weight yet rigidity. Because they are complex and don't vary with the configuration, k ci2 and k ai2 can be directly obtained by using the finite element method.
Similarly, the stiffness coefficients of the R joint can be solved in the same way.
Lead-screw assembly
The lead-screw assembly includes a lead screw, a slide-way, a nut, a slider, a motor with coupler, and two bearings. The bending stiffness of the lead-screw assembly is ignored, since the slider and the slide-way are comparatively rigid. Therefore the equivalent axial stiffness coefficient is just related with the nut, the two bearings, and the lead screw.
Therefore its equivalent axial stiffness coefficient is determined by the positions of the nut and the two bearings as well as their installation methods, so
Here, EA is the tensile modulus of the lead screw, L 1 is the distance between the nut and the front bearing, while L 2 is the distance between the nut and the rear bearing. k an and k ar are the stiffness coefficients of the nut and the rear support bearing, respectively. Note that the front bearing is free to move.
Stiffness performance indices definition
Various stiffness indices
Once the overall stiffness matrix is derived, some stiffness performance indices can be defined to investigate stiffness performance of this parallel kinematic machine within the whole workspace.
Notice that this PKM mainly performs milling operations, so the following indices definitions are selected.
where C 0 (R, R) is the corresponding diagonal element of the compliance matrix C 0 = K
À1
; k x , k y , and k z are the linear stiffness along three orthogonal axes, respectively; k w is the torsional stiffness about w-axis.
Global stiffness performance index
In order to perform sensitivity analysis and identify the key parameters greatly affecting the system stiffness, a global stiffness performance index is defined
where r min (C 0 ) is the minimal singular value of the compliance matrix C 0 at a certain configuration 24 , and A presents the area of the whole workspace.
By using these given parameters, the system stiffness along/ about each direction can be solved based on Eq. (16).
Numerical verification of the stiffness model
The parameters of geometry and configuration are given in Table 1 , and the stiffness coefficients of the three parts of the S joint and the U joint are listed in Tables 2 and 3, respectively,  while Tables 4 and 5 show the stiffness coefficients of the R joint and the stabilizer bar, respectively. In addition, the parameters of the lead-screw assembly are given in Table 6 .
In order to testify the correctness and effectiveness of the stiffness model, finite element analysis of the PKM is also conducted at the specified configuration. The deformations of the system under unit force/moment are shown in Fig. 6 , where the SolidWorks Simulation software is used to perform the FEM of the PKM. Fig. 6(a)-(c) show the deformations of the system under the unit force along the directions of x-axis, y-axis, and z-axis, respectively. Fig. 6(d) is the deformation of the system under the unit moment about the direction of z-axis. Based on the deformations, the corresponding stiffness can be solved as listed in Table 6 . The results obtained by semi-analytic method and FEA are also summarized in Table 7 . It can be seen that the results from the semi-analytic method match well with those evaluated by FEA.
Stiffness analysis
Stiffness distributions in the workspace
Once the stiffness matrix in one configuration is derived, the stiffness within the given workspace can be derived straightforwardly using the same method.
Without lose of generality, a specified workspace is defined as p y e [À0.3, 0.3] m and p z e [À0.6, 0.6] m, h = 0°, and w = 30°. Now the stiffness distributions of the PKM in the workspace are illustrated in Fig. 7 . From those figures, it is very easy to observe that the linear stiffness along z-axis is much higher than those in the other two directions, and variations of all stiffness follow the symmetric feature about a plane, which is coincide with the topological feature of the PKM. In addition, the linear stiffness in the z and x directions do not change very much, and the linear stiffness k y and the torsion stiffness k w have the same variation tendency. Therefore, this PKM possesses a relatively stable stiffness variation within the given sub-workspace.
Stiffness sensitivity analysis
In order to find the optimal parameters of the PKM to guarantee higher stiffness, sensitivity analysis is performed here to show that the relationships between the global stiffness of the PKM and the key parameters. The global stiffness index is given as in Eq. (17) , variations of which following the key parameters are shown in Fig. 8 .
As seen from Fig. 8 (a) , the ratio of the radii of the mobile platform and the fixed base, k, has great influence on the stiffness of the PKM when it is small, and a smaller ratio is helpful to obtain higher stiffness. However, due to limitations of the sizes of the four spherical joints and considering the rule of mini size, the ratio can not be too small. Fig. 8 (b) shows that the length of the constant bar, L, affects the stiffness very little, so its effects can be ignored in the optimization design. Fig. 8(c) reveals that the diameter of the lead screw, D, has relatively important influences on the stiffness, and the bigger the diameter is, the higher the stiffness is. However, the influence is gradually decreased with increasing diameter.
As well known, due to the use of the bearings, the joints are often the main sources of flexibility. Therefore, variations of the global stiffness following the stiffness of components of joints are investigated here, as shown in Fig. 9 , where the abscissa axis denotes the changing in the proportion of corresponding component stiffness. Fig. 9 (a) shows that the change of the stabi- lizer bar stiffness has slight influence on the global stiffness, while the changes of the universal and spherical joints bring greater effects. It can be concluded that the stabilizer bar stiffness is relatively good, and more attention should be paid to improving the structures of the universal and spherical joints.
Conclusions
(1) The semi-analytic method is simple yet effective to formulate the stiffness model of the 4-DOF PKM, which can also take into account all of the component deformations. (2) The computed results from the stiffness model are verified to match well with those of the finite element analysis. Moreover, stiffness along/about each direction is symmetrically distributed within the given workspace, which is helpful to obtain excellent performance. (3) Sensitivity analysis shows that the ratio of the radii of the two platforms has important effect on the stiffness. The structures of universal and spherical joints should be paid more attention to in order to improve their stiffness.
